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It is shown that isotopic loops of order pn+1, p a prime, which have transitive
automorphism groups are in fact isomorphic. The proof uses the Sylow theorems
to obtain an isomorphism from an arbitrary isotopism. The result is applied to the
additive loops of neofields of order pn+1.  1997 Academic Press
Several properties P of loops are known such that isotopic loops with
property P are isomorphic [3, pp. 5758]. For example, isotopic free loops
are isomorphic [5], isotopic commutative Moufang loops are isomorphic,
and isotopic totally symmetric loops are isomorphic [2]. Here we shall
prove that if two loops of order pn+1, where p is a prime and n1, are
isotopic and have transitive automorphism groups, then they are in fact
isomorphic.
A quasigroup (G, } ) is a set G with a binary operation } such that for
all y, z # G, each of the equations
x } y=z
y } x=z
has a unique solution for x. A loop is a quasigroup with a two-sided
identity element e. For details on quasigroups and loops, see [3] or [12].
An isotopism 3=(:, ;, #) from a loop (G, } ) to a loop (H, b ) is a triple of
bijections :, ;, # from G to H such that for all x, y, z # G,
x } y=z  x: b y;=z#. (1)
An autotopism is an isotopism from a loop to itself. The set of autotopisms
of a loop G forms a group A(G). An isomorphism is an isotopism for which
:=;=#. Note that an isomorphism must take the identity of one loop to
the identity of the other. The automorphism group, Aut(G), of a loop G
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is clearly a subgroup A(G) and is said to be transitive if it acts transitively
on the set of nonidentity elements of G.
R. H. Bruck studied loops with transitive automorphism groups [1, 3],
showing, for example, that finite loops with transitive automorphism groups
are simple. Examples of loops with transitive automorphism groups include
neofields, introduced by Lowell Paige [11], one-sided neofields [8, 10],
and division neo-rings, introduced by D. R. Hughes [9].
The motivation for the present study of loops with transitive auto-
morphism groups comes from the author’s work on even and odd latin
squares [4]. In that context latin squares arise which are the Cayley tables
of loops with transitive automorphism groups, and one wishes to determine
when two such loops are isotopic. Our results will show that one need
only check whether the loops are isomorphic by a particular type of
isomorphism.
We begin with a standard group-theoretic lemma.
Lemma 1. Let K be a finite group which acts transitively (on the right)
on a set X of cardinality pn, p a prime, and let P be a p-Sylow subgroup of
K. Then P acts transitively on X.
Proof. Denote the stabilizer in a group H of an element x by Hx , and
the orbit of x under H by xH. For any x # X, we have
|xP|=
|P|
|Px |
=
|P|
|P & Kx |
,
|xK|=
|K|
|Kx |
.
Now the powers of p dividing |P| and |K| are the same, and the power
dividing |Kx | is at least that dividing |P & Kx |, so the power of p dividing
|xP| is at least that dividing |xK|= pn. So pn divides |xP|, which means
that pn=|xP| and P acts transitively X. K
Lemma 2. Let G be a loop of order pn+1 with transitive automorphism
group Aut(G). Let P be a p-Sylow subgroup of Aut(G). Then P is in fact
a p-Sylow subgroup of A(G).
Proof. Let B be a p-Sylow subgroup of A(G) containing P. Let B(1) be
the group of ‘‘first coordinates’’ of elements of B, that is, the group of all
: such that there is some isotopism (:, ;, #) in B, and define B(2) similarly.
Consider the action of B(1) on the elements of G. Any orbit under this
action is a union of orbits under the action of P. By Lemma 1, P has only
two orbits, one consisting of the identity element, and the other containing
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all nonidentity elements. Since |B(1) | is a power of p, B(1) cannot have an
orbit of order pn+1, so every element of B(1) must fix the identity element
e. By a similar argument every element of B(2) fixes e. A standard calcula-
tion shows that an isotopism of loops which has two components taking
the identity to the identity is an isomorphism. Hence B actually lies in
Aut(G), so B=P. K
Now we fix a prime p and an exponent n1. Let (G1 , } ) and (G2 , b ) be
loops of order pn+1, with transitive automorphism groups Aut(Gi),
i=1, 2. Denote the identity element of Gi by ei . Let A(Gi) be the full
autotopism group of Gi , and let Pi be a p-Sylow subgroup of Aut(Gi).
Let J(G1 , G2) denote the set of isotopisms from G1 to G2 . We define the
subset of nice isotopisms (with respect to P1 and P2), by
N(G1 , G2)=[3 # J(G1 , G2) | P1=3P2 3&1]. (2)
Lemma 3. N(G1 , G2) consists of isomorphisms.
Proof. Let 3 # J(G1 , G2), 3=(:, ;, #). Since e1 is fixed by P1 , we see
that e1: will be fixed by P2 , but the only element of G2 fixed by P2 is e2 ,
so e1:=e2 . Likewise, e1;=e2 , so as in the proof of Lemma 2, 3 is an
isomorphism. K
We are now ready for the main theorem.
Theorem 4. Let G1 , G2 be loops of order pn+1 with transitive
automorphism groups, and let Pi be a p-Sylow subgroup of Aut(Gi). If G1
and G2 are isotopic, then they are isomorphic, and in fact, by an isomorphism
which is nice with respect to P1 and P2 .
Proof. Let 9 # J(G1 , G2). Then 9A(G2) 9&1=A(G1), so 9P2 9&1 is
a p-Sylow subgroup of A(G1). Hence there is some 8 # A(G1) such that
89P29&18&1=P1 .
Therefore 89 # N(G1 , G2), and by Lemma 3, this is an isomorphism. K
These results apply to the additive loops of neofields of order pn+1,
since these always have transitive automorphism groups. For details on
neofields, see [6, 7, 11]. We record
Corollary 5. Let N1 and N2 be neofields of order pn+1. Then
the additive loops of N1 and N2 are isotopic if and only if they are iso-
morphic. K
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